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ABSTRACT

Cells are complex biological systems, composed by many biopolymers, which undergo
morphological changes during cell division. Microtubules are biopolymers essential for functions
in the cell. Understanding the role of microtubules in cell division requires characterizing their
conformations during this process. In this thesis, we model the microtubules by mathematical
curves in space and use methods from Knot Theory to characterize the single and multi-chain
topological complexity of such systems. We create computational methods for analyzing the
topology of microtubules obtained through large electron tomography data. Our results show that
the geometry/topology and entanglement of microtubules changes throughout cell division and it
depends on the length of the microtubules and their locations. We also detect change in twisting of
the microtubules which is associated to the motion of the chromosomes. Using Braid theory, we
find that there is no correlation between multi-chain entanglement and oriented random walks in
confinement.
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CHAPTER 1
INTRODUCTION

Chromosome segregation is the essential biological process in which chromosomes are
divided into two daughter cells during cell division. In eukaryotes, chromosome isolation is
completed by the spindle, which is predominately made out of microtubules. Chromosomes
first align at the center of the spindle and are then separated in anaphase. It is regularly the
situation that chromosome isolation is joined by an elongation of the spindle. During various
phases of meiosis, these microtubules that makes up the spindle are answerable for the partition of
chromosomes[6][15].The unpredictable construction of microtubules are intended to go through
series of conformations from Metaphasae to Anaphase that can be characterized by topological
structures such as knots, links, braids, radius of gyration, asphericity, prolateness etc.
In this thesis, we study the shape of the spindle and analyze the complexity of microtubules
structure in C.elegans (obtained from large-scale electron tomography) and its dynamics in
terms of shape descriptor parameters such as writhe, linking number, algebraic braid word[1]
etc. From previous studies we know that meiotic, mitotic spindles are built from microtubules,
motor proteins and microtubule-associated proteins.

In C.elegans, female meiotic spindles

undergoes a drastic reorganization during transition from metaphase to anaphase, to be specific
Metaphase-T02043.5 to Early Anaphase-T0243.4 to Mid Anaphase-T0208.1 . During metaphase
of meosis I, microtubules form a pointed and elongated bipolar spindle, which then shortens
during anaphase[6]. Along with this it is well defined that in all spindles, the microtubule
cytoskeleton connects to chromosomes through a special type of microtubules called kinetochore
microtubules(KMTs). However, how KMTs bind to chromosomes varies substantially between
organisms and there are non-KMTs which are not bound to chromosomes, these microtubules are
1

connected to other types of mirotubules to either centrosomes or other microtubules using motor
proteins based on their functions. To analyse the structural complexity of these microtubules we
concentrated on developing a mathematical model using knot theory and predefined topological
shape descriptors such as Writhe, Gauss linking number, Braid length etc. Writhe is a simple
measure of global self-entanglement for individual chains given by counting the crossings in a
random projection of one or two chains. Indeed, notice that in all generic orthogonal projections
of a planar curve one would not see any crossings. Similarly, for two unlinked planar curves,
almost all projections would give no crossings between them and without loss of generality, we
can assign an orientation to the chains[12]. By assigning a sign to each crossing, one can recover
information concerning which arc passes over and under the other. To appreciate the character of
the writhe of a chain we first introduce a linking number in our report we refer it as Gauss linking
number in over all possible projections. So in simple, writhe characterize the interwinding of each
and individual microtuble in the spindle, however Gauss linking number describes the pairwise
complexity/entanglement between two or more microtubules assuming that the proximity between
any two coordinates of any two microtubules is less than 10−6 m, we can choose the proximity
distance based on our requirements. Another important topological shape descriptors is braids, it
is an intertwining of some number of strings attached to top and bottom horizontal bars such that
each string never turns back up. In other words, the path of each string in a braid could be traced
out by a falling object if acted upon only by gravity and horizontal forces[1]. A given braid may be
assigned a symbol known as a braid word that uniquely identifies it, we considered a projection of
the spindle as braids and developed mathematical model to obtain corresponding braid word that
describes the multi-chain complexity of the entire spindle, along with that a mathematical model
is developed to generate and compute the multi-chain entanglement of random walk in tubular
confined space to compare with the multi-chain entanglement of microtuble spindle and establish
any correlation between them if it exists.

2

CHAPTER 2
BACKGROUND AND LITERATURE REVIEW

2.1

Knots, Links and Braids
A Knot is just a knotted loop of string, except that we assume that the string has no

thickness and its cross-section is a single point, the knot is then a closed curve in space that does not
intersect itself anywhere[1]. We will define a knot as a circle S1 embedded in R3 without any double
points. We will not distinguish between the original closed knotted curve and the deformations of
that curve through space that do not allow the curve to pass through itself[1]. Modern knot theory
is a highly technical branch of topology, the majority of which is beyond the scope of this thesis.
The projection of a knot onto a plane is referred to in knot theory literature as a knot or
link diagram. A particular knot does not, in general, have a unique knot diagram, as the choice
of projection will alter representation produced. Further, if we deform the knot without letting the
curve pass through itself, it will in general also deform the knot diagram. Consider the projection
of a knot onto the x − y plane, points with the same x − y coordinates, but differing z coordinates,
are drawn as crossing over or under each other. The higher z point is depicted as crossing over the
lower one. A link diagram is a union of such knot diagrams, with the same crossing rules applied
to the intersections of two knots, suppose that we have two projections of the same knot. If we
made a knot out of string that modeled the first of the two projections, then we should be able to
rearrange the string to resemble the second projection. Knot theorists call the rearranging of the
string, that is, the movement of the string through three-dimensional space without letting it pass
through itself, an ambient isotopy. The word ”isotopy” refers to the deformation of the string. The
word ”ambient” refers to the fact that the string is being deformed through the three-dimensional

3

space that it sits in. Note that in an ambient isotopy, we are not allowed to shrink a part of the knot
down to a point in order to get rid of the knot[1].

Figure 2.1 Representation of three Reidemeister moves used in deforming one knot diagram to
another

A Reidemeister move [1] is one of the three ways to change a projection of the knot that
will change the relation between the crossings. The first Reidemeister moves allows to introduce
or remove the twist in the knot, the second Reidemeister moves allows to add or take out two or
more crossings and the third Reidemester moves allows to slide a strand/arc of the knot from one
side of the crossing to another side of the crossing as shown in the Figure 2.1.
A Link is a collection of two or more knotted loops that are tangled up together as shown in
Figure 2.2. A knot can be described as a link with one component and two links are considered to
be the same if we can deform the one link to the other link using series of reidemeister moves and
without ever having any one of the loops intersect itself or any of the other loops in the process. A
link is called splittable if the components of the link can be deformed so that they lie on different
sides of a plane in three-space[1]. The method of measuring how the two or more components
linked up is defined by the term Linking number(LK).
A Braid[1] is a set of n strings, all of which are attached to a horizontal bar at the top and
at the bottom. Each string always heads downward as we move along any one of the strings from
4

Figure 2.2 Different types of simple links

the top bar to the bottom bar [1]. The trivial braid has n parallel strands as represented in Figure
2.3, and the inverse of a braid is its mirror image. We consider two braids to be equivalent if we
can rearrange the strings in the two braids to look the same without passing any strings through
one another or themselves while keeping the bars fixed and keeping the strings attached to the bars.
We are not allowed to pull the strings over the top of the upper bar or beneath the bottom bar. We
can always pull the bottom bar around and glue it to the top bar, so that the resulting strings form
a knot or link, called the closure of the braid.

Figure 2.3 Representation of trivial and non-trivial braids

5

2.2

Measures of Topological Entanglement
The topological concepts mentioned above gives us the details on topological constraints

like writhe, linking number, braid word to analyze any given physical filaments in terms of
their curvatures, entanglement with fellow filaments and their dependency with other independent
variables such as length, thickness etc. such topological constraints are discussed in this section.

2.2.1

Planar Writhe

Applying an orientation to the original space-curve will induce an orientation on the planar
curve projection as shown in Figure 2.5. The two types of the projection crossings which occur are
assigned a value of 1 or −1 as demonstrated in the Figure 2.4.

Figure 2.4 Rules for assigning a numerical value to oriented crossings for a planar knot or link
diagram

Consider a knot diagram K which has n self-crossings labelled Ci . If we induce an
orientation on K we can label the crossings with a sign S(Ci ). The planar writhing number of K
represents the sum of the signed self crossings which is referred as writhe in knot theory literature.
W r(K) = Σni=1 S(Ci )

(2.1)

For example,
Topological invariant is a function on diagram that does not change under Reidemeister
moves. From Figure 2.6 we can see that, W r value changes under R1 move implies that the writhe
6

Figure 2.5 Writhe for a trefoil knot

is not a topological invariant.

Figure 2.6 Representing that writhe is not a topological invariant

2.2.2

Planar Linking number

An orientation can be assigned to a link diagram by assigning orientations to all its
constituent knots as shown in Figure 2.7. A sign is applied to all mutual crossings using the method
depicted in Figure 2.4. Half the total sum of signs of crossings yields the linking number in a given
projection or planar linking number. In general, consider a link diagram with orientation which
contains n constituent knots K1 , K2 , ...., Kn . If knots Ki and K j generate mi j mutual crossings, these
ij

crossings are labelled Cr for r = 1, 2, ..., mi j . For each knot pairing we denote the planar linking
number LK between Ki and K j as half the sum of all signed crossings.
1 mi j
S(Cri j )
LK(Ki , K j ) = Σk=1
2

7

(2.2)

For example,

Figure 2.7 Linking number of hopf link

Figure 2.8 represents that linking number does not change under Reidemeister 2 and 3
moves. Since, Reidemeister 1 move involves only one component linking number does not change,
so the linking number is an invariant of the oriented link, that is, once the orientation are chosen
on the two components of the link, the linking number is unchanged by ambient isotopy[1]. It
remains invariant when the projection of the link is altered.

Figure 2.8 Representing that Linking number is a topological invariant using R2 (left) and R3
(right) moves [1]

The above definition presents a simple understanding of the linking numbers, as the selfcrossing of an individual projection, and the inter-crossing of a pair of projections respectively.
2.3

Gauss Linking Integral
The interpretation of the linking number is a simplification of the original definition

provided by Gauss as a double integral over the two curves[2]. The original Gauss definition
can be applied also to measure how open curves intertwined around each other. In terms of sums
8

of signs in a projection, the original definition requires doing it for all possible projection directions
and taking an average. For polygonal curves, one can avoid doing the average over projections, by,
equivalently, using a closed formula of the integral derived by Banchoff[2].
A measure of the degree to which curves interwind is the Gauss linking integral, the gauss
linking number of two disjoint oriented curves l1 and l2 , whose parametrization are γ1 (t), γ2 (s)
respectively, is defined as the following double integral over l1 and l2 [12],
1
L(l1 , l2 ) =
4π

Z 1Z 1
(γ˙1 (t), γ˙1 (s), γ1 (t) − γ1 (s))
0

|γ1 (t) − γ1 (s)|3

0

dtds

(2.3)

where, (γ˙1 (t), γ˙1 (s), γ1 (t) − γ1 (s)) is the triple product of γ˙1 (t), γ˙1 (s) and γ1 (t) − γ1 (s). For closed
curves, the Gauss linking integral is equal to the half the algebraic sum of inter-crossings in
the projection of the two curves over all possible projection directions and it is an integer and
a topological invariant of the link[12]. For open curves, the Gauss linking integral is equal to
the average of half the algebraic sum of inter-crossings in the projection of the two curves over
all possible projection directions and it is a real number and a continuous function of the curve
coordinates[12].
The Gauss linking integral can also be applied over one curve to measure its self
entanglement.
2.3.1

Gauss Linking Integral for polygonal curves

Gauss linking integral of two edges was introduced, which gives a finite form for the Gauss
linking integral over two polygonal curves[2][12].
Let En , Rm denote two polygonal curves of edges ei = 1, 2, ..., n and r j = 1, 2, ...., m, then
n

L(En , Rm ) = ∑

m

∑ L(ei, r j )

(2.4)

i=1 j=1

where L(ei , r j ) is the Gauss linking integral of two edges. Let ei be the edge that connects
the vertices pi , pi+1 and r j be the edge that connects the vertices p j , p j+1 as show in the Figure
2.9. In [2] it is shown that L(ei , r j ) =

1
4π Area(Qi j ),

9

where Qi j for i < j denotes the quadrilateral

defined by the faces of the quadrilateral formed by the vertices pi , pi+1 , p j , p j+1 . This area can be
computed by adding the dihedral angles of this quadrilateral and the faces of this quadrangle have
normal vectors ⃗ni , i = 1, 2, 3, 4, defined as follows,
⃗ri, j ×⃗ri, j+1
||⃗ri, j ×⃗ri, j+1 ||

(2.5)

⃗n2 =

⃗ri, j+1 ×⃗ri+1, j+1
||⃗ri, j+1 ×⃗ri+1, j+1 ||

(2.6)

⃗n3 =

⃗ri+1, j+1 ×⃗ri+1, j
||⃗ri+1, j+1 ×⃗ri+1, j ||

(2.7)

⃗ri+1, j ×⃗ri, j
||⃗ri+1, j ×⃗ri, j ||

(2.8)

⃗n1 =

⃗n4 =

where,⃗ri, j = ⃗pi −⃗p j ,⃗ri, j+1 = ⃗pi −⃗p j+1 ,⃗ri+1, j = ⃗pi+1 −⃗p j ,⃗ri+1, j+1 = ⃗pi+1 −⃗p j+1
The area of the quandrangle Area(Qi j ) provides the gauss linking number of corresponding
edges.
Area(Qi j ) = arcsin(⃗
n1 .⃗
n2 ) + arcsin(⃗
n2 .⃗
n3 ) + arcsin(⃗
n3 .⃗
n4 ) + arcsin(⃗
n4 .⃗
n1 )

(2.9)

Figure 2.9 The area of the quadrangle is bounded by the great circles with normal vectors
n⃗1 , n⃗2 , n⃗3 , n⃗4 , determined by the faces of the quadrilateral. In fact, the quadrangle is
formed by gluing together, with correct orientation the tiles A, B, R, L. The vectors
vectors n⃗1 , n⃗2 , n⃗3 , n⃗4 are perpendicular to the tiles L,A,R and B respectively, pointing
outwards of the tetrahedron for A, Band inwards for L, R. These tiles define a quadrangle
with faces A, L, B, R in the counterclockwise orientation, with all the normal vectors
pointing outside the quadrangle

10

2.3.2

Writhe of a polygonal curve in 3-space

A measure for the degree of intertwining of the chain around itself is the Writhe, which
is defined by taking the Gauss linking integral over one curve (instead of two)[12]. Writhe for a
smooth curve l in 3-space with arc-length parametrization γ(t) is the double integral over l,
1
W r(l) =
2π

Z

(γ˙1 (t), γ˙1 (s), γ1 (t) − γ1 (s))
dtds
|γ1 (t) − γ1 (s)|3
[0,1]∗

Z

[0,1]∗

(2.10)

where [0, 1]∗ ×[0, 1]∗ = (x,y)∈ [0, 1] × [0, 1]|x̸=y

The Writhe is not a topological invariant and it is a continuous function of the chain
coordinates for both open and closed curves[12].
Similar to the linking number of polygonal curve in 3-space, we can write the Writhe for
polygonal curve in 3-space as,
n−2

W r(l) =

n

∑ ∑

L(ei , r j )

(2.11)

i=1 j=1+2

2.3.3

Braid Word

A braid is a collection of oriented strings in a cylinder, Dx {I}, where I = [0, 1], such that
their starting points are Dx {0} and their endpoints are in Dx {1}, with the requirement that all the
strings are monotonic. Braids are connected to knots and links considering a closure operation that
identifies I to SI . Any given braid may be assigned an algebraic word known as braid word that
uniquely identifies it[1]. To do this, we study a projection of the braid on a plane perpendicular to
the side of the cylinder. An n − 1 braid word can be constructed by iteratively applying the σi (i =
1, 2, ..., n − 1) operator, which switches the ith and (i + 1)th string keeping the upper endpoints fixed
with the ith string above the (i + 1)th string. If the ith string passes below the (i + 1)th string, it is
denoted as σi−1 . An arbitrary braid is scanned from left to right for crossings,beginning at the top,
whenever a crossing of strands i and i + 1 is encountered σi and σi−1 is written down, depending
on whether strand i moves under or over strand i + 1. Upon reaching the right end, the braid has
been written as a product of σ ′ s and their inverses. The following braid relations play an important
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role in simplifying the obtained algebraic braid word,
σi σi = σi2

(2.12)

σi σi−1 = 1

(2.13)

σi σ j = σi σ j

(2.14)

σi σi+1 σi = σi+1 σ j σi+1

(2.15)

however, the third relation is valid if |i − j| ≥ 2. Using a braid word, one can measure the
complexity of collection of chains using the parameters such as the braid length and the highest
power observed in the braid word. A reason why braids are not typically used in practice, is
the difficulty of obtaining a code that can identify braid words and the difficulty of interpreting
the results. Another measure of entanglement that we will use in this research is the Gauss
linking integral[1] as explained in previous section. In contrast to braids, which can capture the
complexity of a collection of curves, but are hard to interpret, the Gauss linking number can provide
information about the pairwise entanglement of two strands that has a simple meaning of the chains
turning around each other.
2.3.4

Radius of Gyration, Asphericity and Prolateness

To study the shapes of polymer chains we use the three principal moments of inertia
calculated for given configuration of the chain to build a structure similar to that of ellipsoid with
the same ratio of its principal moments of inertia as those of the given polymer configuration[13].
we address how the shape and overall size of the polymer chains are influenced by the presence of
knots in these polymers. The ellipsoid of inertia is defined using the moment of inertia tensor[13],

Ti j =

1 N N
Σ Σ
(X i − Xmi )(Xnj − Xmj )
2N 2 n=1 m=1 n

(2.16)

where Xni denotes the ith coordinate of the nth vertex and N is the number of the vertices
in the defined polymer on which one has equally distributed the mass of the polymer. As Ti j is a
12

real symmetric tensor, it has three eigen-values λ1 (a), λ2 (b) and λ3 (c) giving the three principal
moments of inertia and determining the corresponding eigen-vectors providing the principal axes
of inertia. The square roots of λ1 , λ2 and λ3 define the semi-axis lengths of the associated ellipsoid
of inertia.
Radius of gyration of a body about the axis of rotation is defined as the radial distance to
a point which would have a moment of inertia the same as the body’s actual distribution of mass
which can be used as a standard measure of the size of the polymer, the squared radius of gyration,
is determined from its moment of inertia tensor as the sum of its three eigen-values[13].

R = a+b+c

(2.17)

A three-dimensional system was introduced by Anonovitz and Nelson [13], later modified
by Cannon, Aronovitz, and Goldbart, which separates the size calculation (measured by the
squared radius of gyration, which we will denote by R) from two shape descriptors: asphericity(A)
, and nature of asphericity i.e., prolateness (P). Asphericity measures the degree to which the
three axis lengths of the ellipsoid of inertia are equal and it varies between 0 (spherical shape) and
1 (rod like shape) and it is given by[13],

A(a, b, c) =

(a − b)2 + (a − c)2 + (b − c)2
2(a + b + c)2

(2.18)

where a, b and c represents the principal moments of inertia λ1 , λ2 and λ3 which are the
measurements of the size of the ellipsoid of inertia.
Prolateness indicates whether the largest or smallest axis length is “closer” to the middle
axis length and takes values between -1 and 1, thereby quantifying the transition from oblate to
prolate shapes and is defined by[13],

P(a, b, c) =

(2a − b − c)(2b − a − c)(2c − a − b)
2(a2 + b2 + c2 − ab − ac − bc)3/2
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(2.19)

CHAPTER 3
TOPOLOGY OF THE MEIOTIC SPINDLE

Microtubules are building blocks of the spindle during cell division and is one of the
three types of cytoskeletal systems that take part in certain movements, including beating of cilia
and flagella and the transport of vesicles in the cytoplasm. These movements result from the
polymerization and depolymerization of microtubules or the actions of microtubule motor proteins.
Both processes are required for some other cell movements, such as the alignment and separation of
chromosomes in meiosis and mitosis[7]. A microtubule is a polymer of globular tubulin sub-units,
which are arranged in a cylindrical tube measuring around 25nm in diameter which is more than
twice the width of an intermediate filament and three times the width of a microfilament (Note:
microfilament and intermediate filament are the remaining types of cytoskeletal.) A consequence
of this tubular design is the ability of microtubules to generate pushing forces without buckling, a
property that is critical to the movement of chromosomes and the mitotic/meiotic spindle during
cell division[7]. The MT cytoskeleton has many essential roles, ranging from cellular trafficking to
cell shape maintenance. Notably, MTs assemble to form a spindle during cell division, and thereby
orchestrate chromosome segregation. Dynamic instability of MTs, i.e., growth and shrinkage of
MTs in the mitotic and meiotic spindle dynamics comparison in fission yeast spindles can produce
pushing or pulling forces respectively. In early stages of spindle assembly, MT polymerization
can produce pushing forces[5]. Also, microtubules in the spindle can be classified into two
subcategories, Kinetochore microtubules (KMTs) either directly connect the chromosomes to
the spindle poles, or are tightly bundled to other microtubules that contact the poles. and nonKinetochore microtubules(nonKMTs) that are not connected to the chromosomes. We obtained the
spindle structure of C. elegans oocytes by serial-section electron tomography[6]. A tomographic
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model of KMTs and nonKMTs during metaphase I (T0243.7), early anaphase (T0243.4) and mid
anaphase (T0208.1) is shown in Figure 3.1. (Note: In this thesis, metaphase I - T0243.7 is referred
as just ’metaphase’, early anaphase - T0243.4 is referred as just ’early anaphase’ and mid anaphase
- T0208.1 is referred as ’anaphase’.)

Figure 3.1 A tomographic model that represents microtubules during meiosis1

Microtubules that are attached to kinetochores are either laterally or directly embedded in
the kinetochore disk[4]. These microtubules provide major forces for chromosome movement.
Inter-polar microtubules extend from spindle poles into the central spindle, with a preference
for anti-parallel over parallel interactions[8].

The sliding movement between anti-parallel

microtubules may generate outward pushing forces, which counteract the inward pulling forces
powered by kinetochore microtubules and motors[11]. The outward forces not only help maintain
spindle bipolar structure, but also push the spindle poles apart after chromosome segregation.
They are usually considered to span from or near the spindle poles to the kinetechore, where they
are attached to chromosomes via their plus-end[10], although recent work in C. elegans mitotic
spindles showed only very few KMTs are anchored directly to the spindle poles[6]. And MTs
that are not attached to the kinetochore is termed as non-kinetochore-MTs which is differentiated
into several types such as Astral, intermediate, spindle microtubules etc. We study shape of the
spindle and the topological entanglement of these microtubules by computing writhe that measures
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the degree of intertwining of the microtubules around itself and linking number that measures the
pairwise entanglement of microtubules.
3.1

The Shape of the Meiotic Spindle
We computed summary statistics that characterize the spindle morphology. From Table

3.1 and Table 3.2 we report radius of gyration, asphericity, average MT length, spindle length and
number of MTs in each case.
Table 3.1 Properties of spindle in each Meiosis1 case. We find that the microtubule becomes
more compact and spherical from Metaphase to Anaphase. We can also verify that the
average length of the microtubule decreases from Metaphase to Anaphase and has a local
minimum in Early Anaphase
Parameters

Metaphase

Early Anaphase

Anaphase

Radius of Gyration
Asphericity
Prolateness
Average length of MT
Spindle Length

2.1891µm
0.1
-0.75
1.04µm
5.4µm

1.4830µm
0.07
-0.88
0.59µm
3.2µm

1.1408µm
0.01
-0.36
0.64µm
2.7µm

Table 3.2 Total number and Length of the microtubules (KMTs and nonKMTs) in each stage of the
meiotic spindle (Note: Nm = Number of microtubules, Avg MTL = Average Length of
the microtubule, M = Metaphase, E.A = Early Anaphase, A = Anaphase.) We can verify
that the average length of the microtubules decreases from Metaphase to Anaphase as
the ratio between the number of corresponding nonKMTs to KMTs decreases
Parameters

M-KMTs

M-nonKMTs

E.A-KMTs

E.A-nonKMTs

A-KMTs

A-nonKMTs

Nm
Avg MTL

501
1.88µm

3310
0.911µm

5362
0.57µm

1649
0.59µm

2334
0.65µm

983
0.54µm

Our tomographic data in Table 3.1 shows end to end distance radius of gyration, asphericity
and prolateness of the meiotic spindle from Metaphase to Anaphase. The inertial property Radius
of Gyration(R) and one of the shape descriptor asphericty(A)[13] decreases from metaphase to
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anaphase indicating that the spindle becomes more compact and its shape changes from ellipsoid
to almost spherical structure (see Table 3.1). However, the negative prolateness(P) describes that
the spindle shape can be closely relate to oblate. From Table 3.2 we can observe that average
length of the microtubule decreases from metaphase to anaphase as the ratio between the number
of nonKMKTs to KMTs decreases.
3.2

The Writhe of Microtubules during MeiosisI
The writhe can be computed for any given polymer chain with the consecutive set of

coordinates. We developed a model based on the formulation for polygonal curve described in
Chapter 2 to determine the writhe of the each microtubule. From Figure 3.2 we can observe that
the average normalized writhe of the any given spindle is of the order 10−6 which tells us that
the curved nature of the microtubules is very low and it has local minimum in early anaphase.
From Table 3.2 we can notice that the microtubules undergoes severing right after metaphase
which explains the increase in the number of microtubules and decrease in its length which tells us
that the maximum intertwining(writhe) occurs during severing process. Furthermore, from Figure
3.3 we can observe that the microtubule getting straighter from metaphase to early anaphase and
straightness reduces towards anaphase. It is established that as the writhe of the polymer chain
increases the stiffness decreases[12], from this we can conclude that the microtubules in early
anaphase are more stiff than that of in metaphase and anaphase.
In Figure 3.4 each point that is average normalized writhe (x j , y j ) is the average of average
normalized writhe taken over certain intervals and it is calculated as follows, to begin with, we
rearrange the results of average normalized writhe in increasing order with respect to location of
corresponding microtubule from the center of the spindle. Let Nm be the total number of MTs in
each case and n be the size of the interval of our choice and total number of intervals k = Nm /n, P
be the variable that represents the distance between the center of the spindle and microtubule center
of mass and Q represents the corresponding average normalized writhe, such that new average of
average normalized writhe is defined by the coordinates,
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Figure 3.2 Average normalized writhe of the microtubules in each case

Figure 3.3 (Left) A microtubule in Metaphase. (Mid) A microtubule in Early Anaphase. (Right) A
microtubule in Anaphase

∑ni=1 P(i)
n
n
∑ Q(i)
y j = i=1
n
xj =

(3.1)

for j = 1, 2, ..., k

The variation of writhe of the MT’s as a function of the MT’s location from the center of
the spindle is shown in Figure 3.4 and we can observe that on an average scale (considering both
KMTs and nonKMTs) the straightness of the microtubule increases as the distance between its
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center of mass and center of spindle increases, however in early anaphase KMTs, anaphase KMTs
and anaphase nonKMTS it almost remains constant, which might explain why the microtubule
are settling down/migrating towards the space between the chromosomes to carry out further
stage. Another important observation is that in metaphase nonKMTs the MTs whose center of
mass is closer to the center of the spindle has higher writhe meaning it is more curved than other
nonMTs and we know that nonKMTs does not connect with the chromosomes, so the only possible
explanation is that those MTs whose center of mass is closer to the center of the spindle have longer
length and goes around the chromosomes as shown in Figure 3.5 and which are may be anchored
to spindle poles which contributes in pushing or pulling forces[9][15]. Another observation is that
in early anaphase the nonKMTs between the chromosomes has lower writhe and the nonKMTs
on either side of the chromosomes has higher writhe, which tell us that the nonKMTs between
chromosomes are straighter and stiffer than the nonKMTs on either side of the chromosomes, due
to higher stiffness those particular nonKMTs might involve in pushing forces[9][15].

The Skewness which measures the degree of asymmetry observed in a probability
distribution is used to measure the positive and negative tail of the distribution of normalized
writhe shown in Figure 3.6. The skewness in each case and for each type is mentioned in Table 3.3
Table 3.3 Skewness of the distribution of normalized writhe in each case

Skewness

M-KMTs

M-nonKMTs

E.A-KMTs

E.A-nonKMTs

A-KMTs

A-nonKMTs

0.1718

11.53817

-1.35346

34.1096

0.65369

-1.189357

From Table 3.3, we can infer that the skewness of KMTs does not vary much, however
skewness of the nonKMTs vary significantly from metaphase to early anaphase and early anaphase
to anaphase this implies that spindle is rotating on its axis but at different angular velocity on either
side of the spindle which causes the twisting effect.
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Figure 3.4 Average normalized writhe with respect to the position of MT from the center of the
spindle

Figure 3.5 Representing the position of lengthy nonKMTs in metaphase with respect to the center
of the spindle
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Figure 3.6 Distribution of normalized writhe in each case of meiosisI

3.3

The Linking of Microtubules during MeiosisI
The mathematical model developed to analyse the pairwise entanglement of MTs with

respect to gauss linking number revealed that the overall pairwise entanglement of microtubules
decreases from metaphase to anaphase. From Figure 3.7 we can observe that the pairwise
entanglement of nonKMTs within the same kind decreases from metaphase to anaphase, whereas
the pairwise entanglement of KMTs with nonKMTs decreases slightly, now when we observe in
the right side of the Figure 3.7 shows that the pairwise entanglement between KMTs to nonKMTs
is much lower than that of nonKMTs to KMTs, from this we can infer that intra linking of KMTs is
higher than that of nonKMTs in other words, the cluster of KMTs in significant than the nonKMTs
which implies that during cell division nonKMTs enters into KMTs cluster for maximum linking
as show in Figure 3.8. This gives us two possibilities, one is that nonKMTs is pulling the KMTs
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which helps in the segregation of chromosomes and the other possibility is that KMTs is pushing
nonKMTs which again results in chromosome separation.

Figure 3.7 (Left) Average normalized linking number between the same kind of MTs. (Right)
Average normalized linking number between different kind of MTs

Figure 3.8 nonKMTs entering the cluster of KMTs for pairwise linking of nonKMTs-KMTs
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Now, we know that the pairwise entanglement between nonKMTs to KMTs is significant,
considering that and from the right side of the Figure 3.9, we can observe that in metaphase
nonKMTs-KMTs the maximum pairwise entanglement is minimum compared to other cases but
the average pairwise entanglement of metaphase nonKMTs-KMTs is maximum and we know that
from Table 3.2, the average length of the microtubule in metaphase is significant, this implies that in
overall, only a part of the nonKMTs with longer length in metaphase links with other microtubules
the remaining part of that microtubule will be anchored to the spindle poles or links with farther
microtubules.

Figure 3.9 (Left) Maximum normalized linking number between the same kind of MTs. (Right)
Maximum normalized linking number between different kind of MTs

The pairwise entanglement of microtubules as a function of their length is represented in
Figure 3.10 and Figure 3.11. We observe that the normalized linking number has a logarithmic
relation with length of the microtubule. This supports our hypothesis that, only a part of the longer
microtubule length will be involved in linking with other microtubules rest will be anchored to the
spindle poles.
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Figure 3.10 Average normalized linking number between the same kind of MTs as a function of
their length
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Figure 3.11 Average normalized linking number between different kind of MTs as a function of
their length
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CHAPTER 4
THE MULTI-CHAIN ENTANGLEMENT IN THE MEIOTIC SPINDLE

Biopolymers such as microtubules in cell division are made of repetitive units of protein
structures that are bonded together to form a long tubular filament as described in chapter 3, which
can be represented by polygonal curves in R3 . These biopolymers are often confined in small
volumes[14][12] and the confinement space decreases from metaphase to anaphase which we
confirmed by analyzing one of the shape descriptor, radius of gyration from Table 3.1. Due to
confinement, we may assume that the multi-chain entanglement between microtubules increases
from metaphase to anaphase and may effect their mechanics and function and is affected by several
factors such as their composition, architecture, density and spatial confinement[3] during cell
division, and under theta conditions, these polymer chains can be seen as random walks in Kuhn
unit length[3][14]. A random walk representation of polymer in 3-space allows to make theoretical
predictions on the complexity of polymer chain and we can extract the same conclusion in terms
of the complexity of multi-chain entanglement when two or more polymer chains are confined in
a given space. Based on the conclusion drawn from Table 3.1 we assume each microtubule as a
unidirectional random walk in a decreasing confined tubular space from metaphase to anaphase. A
mathematical model is developed to compare the complexity of spindle to that of random walks in
confined space by considering them as braid structure in a projection and analyzing them in terms
of braid properties as discussed in Chapter 2.
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4.1

The Multi-chain Entanglement of Oriented random walks in a Confined Space
In our model, polar coordinate system (as shown in Figure 4.1) is considered to generate

continuous set of random vertices (using Equation 4.1), say for i = 0, 1, 2, ...., n, let Vi = (xi , yi , zi )
is a three-dimensional random vertex such that unit length is maintained between Vi and Vi+1 in
a given space. θ is restricted between 0 and π/2 such that the flow of the generated vertex stays
unidirectional that is upwards from the initial coordinate (x0 , y0 , z0 ).

Figure 4.1 Graphical representation of polar coordinates with length r

θ = (π/2) × rand()
φ = 2 × π × rand()
x(i + 1) = x(i) + (sin θ × cos φ )
y(i + 1) = y(i) + (sin θ × sin φ )
z(i + 1) = z(i) + (cos θ )
where, i = 0, 1, 2, ...., n
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(4.1)

Let r be the radius of the cylinder (tubular space), p1 and p2 be the two end points of the
cylinder axis as shown in the Figure 4.2. Let Vi be the random vertex generated using equation 4.1
and to verify that the randomly generated vertex Vi lies inside the curved surface of the cylinder
we make use of the Equation 4.2, that is the shortest distance between the generated vertex and the
axis of the cylinder is less than or equal to the radius (r) of the cylinder. The process is repeated
until the vertex Vn is generated inside the cylinder as shown in the Figure 4.2. Similarly, with the
Equation 4.2 and 4.3 we can verify that whether any generated Vi′ s lies within the curved surface
of the cylinder and the planes of two circular facets of the cylinder respectively.
|(Vi − p1 ) × (p2 − p1 )|
≤r
|(p2 − p1 )|
(Vi − p1 ) × (p2 − p1 ) ≥ 0

(4.2)

(4.3)

(Vi − p2 ) × (p2 − p1 ) ≤ 0
Let ei be the line segment joining the vertex points Vi and Vi+1 , then the edges e1 , e2 , ..., en−1
define a equilateral random walk of predefined length n (number of vertices) and initial coordinate
(x0 , y0 , z0 ) in a confined tubular space.
Using the developed model, we generate random walks under different confinement radius
(r) from r = 1 to r = 0.1 with decreasing step-size of 0.1 and in each case we generate total of 10
random walk with 20 edges each in the same confined tubular space. This collection of random
walk in a confined space for the extreme cases that is r = 1 and r = 0.1 is represented in the Figure
4.3.
4.2

Braiding Analysis of the Meiotic Spindle
In order to analyse the complexity of the generated random walk, we project the 3-

dimensional random walk onto a plan of our interest that is Y-Z plane in our case as show in the
Figure 4.4. Now, the projected random walk in Y-Z can be considered as a typical braid structure,
where we can use the properties of braids as discussed in Chapter 2 to analyse the variation of
multi-chain entanglement as the confinement radius decreases which is similar to the variation of
28

Figure 4.2 Graphical representation of generating random vertex in confined tubular space

Figure 4.3 (Left) Random walks in 3-space with confinement radius 1. (Right) Random walks in
3-space with confinement radius 0.1
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spindle confinement from metaphase to anaphase.

Figure 4.4 (Left) Projection of generated random walks in Y-Z plane with confinement radius 1.
(Right) Projection of random walks in Y-Z plane with confinement radius 0.1

To analyse the complexity of braid structure, first we need to identify the crossing
information of the random walk, that is which strand is going over or under which strand. In a
Y-Z plane with N number of strands, let P1 = V j,i , P2 = V j,i+1 , j = 1, 2, ..., N represents ith vertex of
the jth strand and (i + 1)th vertex of the jth strand respectively, similarly let P3 = Vk,i , P4 = Vk,i+1 ,
k = 1, 2, ..., N represents ith vertex of the kth strand and (i + 1)th vertex of the kth respectively such
that j ̸= k.
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Let,
Sy1 = y j,i+1 − y j,i
Sy2 = yk,i+1 − yk,i
Sz1 = z j,i+1 − z j,i

(4.4)

Sz2 = zk,i+1 − zk,i
M = (−Sy2 × Sz1 ) + (Sy1 × Sz2 )

−Sz1 (y j,i − yk,i ) + Sy1 (z j,i − zk,i )
M
−Sy2 (z j,i − zk,i ) + Sz2 (y j,i − yk,i )
t=
M

s=

(4.5)

If s ≥ 0 and t ≤ 1, then it confirms that the line segment associated with the points P1 , P2
and P3 , P4 has an intersection point in a Y-Z plane and is denoted by (y∗ , z∗ ) and the corresponding
strands involved in that particular crossing is j and k respectively.

y∗ = y j,i + (t × Sy1 )
∗

(4.6)

z = z j,i + (t × Sz1 )
Once, all the crossing information of the form ( j, k, ±1) in a Y-Z plane is determined ,
they are rearranged in the increasing order of z∗ now which is in the form of actual braid word as
described in Chapter 2. In this thesis, actual braid word is referred as original braid word and we
make use of braid relations described in Chapter 2 and in Figure 4.5 to minimize the length of braid
word and we refer the braid word obtained after reducing the length as reduced braid word and the
corresponding length as reduced braid length. The original and reduced braid length is computed
for different confinement radius and the variation of of braid lengths is demonstrated in Figure 4.6.
We conclude that from Figure 4.6 as the confinement radius increases the complexity of
multi-chain entanglement decreases. This is because, as the confinement space increases the
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Figure 4.5 Flow chart representing the analysis generated random walk in confined space

Figure 4.6 Variation of original and reduced braid length as function of confinement radius‘

probability of two chains/strands entangling with each other reduces due to increase in the degree
of spatial freedom. Also, we can observe from Figure 4.6 that increase in reduction of braid length
from original to reduced braid length as the confinement radius increases, which implies that the
relation σi σi−1 = 1 is applied the most in the computation which leads to decrease in complexity
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of the multi-chain entanglement.

Figure 4.7 (Left) Normalized braid length in each case of meiosis1. (Right) Maximum power in
the braid word in each case of meiosis1

Applying the same computational technique to determine the multi-chain entanglement
of microtubule spindle in each case of meiosis1 in terms of braid length (BL) and maximum
power in corresponding braid word, and we normalize the obtained braid length by the number
of microtubules (N) in respective cases. We found out from Figure 4.7 that the complexity
of microtubule spindle decreases from metaphase to anaphase and has a local minimum in
early anaphase, also from Figure 4.8 we can observe that the maximum entanglement between
microtubules can be found close to the center of spindle, but we know that from Tabel 3.1
that the confinement of microtubule spindle decreases from metaphase to anaphase implies that
the complexity of multi-chain entanglement of microtubules should increase from metaphase to
anaphase. This contradicts the theoretical results established in this section (Figure 4.6), so
that only conclusion we can make from this analysis is that there is no correlation between the
conformation of microtubules during cell division and the random walks in confined tubular space.
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Figure 4.8 Maximum power in braid word in specific section of each case of meosis1
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CHAPTER 5
CONCLUSION AND FUTURE WORK

The conclusion and recommendations for future work is discussed in this chapter.
5.1

Conclusion
Our results showed that during meiosis1, the shape of the spindle is continuously deforming

and gets more compact and spherical towards anaphase. Due to the severing process, the length
of the microtubules decreases from metaphase to anaphase and has a local minimum in early
anaphase and with continuous decrease in nonKMTs and increase in KMTs with local maximum
in early anaphase. Competing effects were observed between early anaphase and anaphase with
decrease in the number and increase in the length of the microtubule. Our results revealed that
the microtubules straighten out in early anaphase, especially those that lie between chromosomes.
This suggests that those particular microtubules might involve in pushing force. In general, our
results showed that self and pairwise entanglement of microtubules decreases from Metaphase
to Anaphase relative to their length (which also decreases overall). However, several transitions
occur in Early Anaphase. Namely, we observed that during metaphase the microtubules that are
attached to chromosomes are more entangled and straighten up during early anaphase providing
necessary condition for higher linking between different type of microtubules, while at the end of
the meiosis1 (anaphase), microtubules attached to chromosomes again appear to be more entangled
comparatively to early anaphase. Our results suggest that in metaphase nonKMTs with longer
length go around chromosomes and might be involved in anchoring to spindle poles. Our results
also show that only a part of the longer microtubules are involved in linking/entanglement with
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others, which suggests parts of them are involved in some other function or are anchored to
the spindle poles. The analysis of multi-chain entanglement showed us that the complexity of
spindle decreases from metaphase to anaphase and most complex conformation can be found in
the midsection of the spindle. By comparing the multi-chain entanglement of the microtubules
in the meiotic spindle to that of oriented random walks in confined space, we found that the two
are different, which suggests a mechanism that controls the microtubule entanglement during cell
division.
5.2

Future Work
Non-kinetochore microtubules (nonKMTs) (explained in chapter 3) can be of different

types such as Astral, intermediate, spindle, polar microtubules etc. each of which are believed
to have a different functionality during cell division[7]. In future work, we plan to conduct the
similar analysis for each set of different types of microtubules to see that how the morphological
complexity of these different microtubules vary from stage to stage and from each other. This
analysis on each type of microtubules might give us information on how these morphological
complexity affects their corresponding functionality during cell division.
Our results showed that the entire spindle undergoes major shape changes and that the
microtubules inside it also change conformations from metaphase to anaphase. In future, we
plan to investigate whether there is a correlation between the single or pairwise entanglement
of the microtubules and the shape of the spindle. In particular, we pan to examine whether the
entanglement of microtubules affects the rate of cell division.
Our results revealed there are cluster of KMTs where nonKMTs enters to those clusters
to achieve maximum entanglement. Future work might include identifying those microtubules
responsible for the formation of those clusters and factors influencing it.
In this thesis we characterized the shape of the spindle and entanglement complexity of
microtubules in meiosisI. The next step is to conduct the similar analysis for mitosis case which
might give us more clear insight on the morphological changes and funtion of microtubules during
cell division.
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